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Calculation of Boson Masses in Higher New Tamm-Daneoff-Approximation 
in the Nonlinear Spinor Theory 
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M a x - P l a n c k - I n s t i t u t für P h y s i k u n d A s t r o p h y s i k , Munich 

(Z . Naturforschg. 22 a, 1819—1824 [1967] ; rece ived 27 August 1967) 

Eigenvalue equations of bosons in the second step of the New TAMM-DANCOFF-approximation 
(NTD) are investigated in the HERMiTean formulation of the nonlinear spinor theory. 

I t is s h o w n that three o f the f our der ived equat ions lead t o the same result, whereas one 
a p p r o x i m a t i o n is c o m p l e t e l y di f ferent a n d is s u p p o s e d t o g i ve a useless result, because the sup-
pressed 6 - p o i n t func t i on conta ins essential parts o f the cons idered 2 -po in t func t i on . I t is possible 
b y a factor izat ion o f the equat i ons o f the s e c o n d i teration to calculate a local graph. B y taking 
this graph into considerat ion the e igenvalues o f spin-O-particles ob ta ined in lowest N T D are 
sl ightly corrected . F o r c o m p a r i s o n the same quest ions are discussed in case o f the anharmonica l 
oscil lator. 

§ 1. Nonlinear Spinor Theory with Hermitean 
Field Operators 1 

We start with the nonlinear spinor equation in 
the Hermitean form 

Dußipt3 = Vzßyö • WßWvWö'- (1.1) 

with 

DoLß= —»(Aaff'")«/» <$(*« — ( L 2 ) 

Vxßyö = \l2Ö{xß— Xa) <5 (xy — Xa)d {xö — Xft) VoLßyö , 

VoLßyö [3 o'»> er; + h ' h ' X' t ' a'»- a ß 

+ 2 { h ' h ' + h ' h ' ) T V Ca c a ] ^ . (1.4) 

(For the definition of the A', a', r'-matrices and 
their commutation rules see1.) For the "normal-
ordered product" of the field operators (indicated 
by : :) we have with the time-ordering operator T 

VoLßyö -WßWyfcJ : = Vaßyö [T Xfß fytfö — 3 F ßy y)ö] 
(1.5) 

with the contraction function 

Fßy = <p\TyßVY\0>. (1.6) 

Defining the r-functions 

r%(l...k) = (A\Tn...Vk\B} (1.7) 

from (1.1) we get for the functional generating the 
r-functions 

TAB{U) = <^4|Texpiwaya| £> (1.8) 

= I^-uk...u1r%(l ...k) 

the functional equation 

öuß ÖUy 8uö du,5 j 
TAB(U) = 0 . ( 1 . 9 ) 

(1.3) 

Here u is a real spinor source function anticommut-
ing with itself and the field operator y). 

To solve the equations we transform the r-func-
tions into the (^-functions using the functional 
connection 

(1.10) 

and 

&AB(u)=I^uk...u1(p%(l ...k). (1.11) 

We then find the functional equation 

j D«ß + Fa ßvö []ßyö + Daß Fßy UY j 0AB{U) = 0 (1.12) 

or using the GREEN-Function of (1.1) G^ß 

{ + öoa Faßyö [ ]ßyö + Foa J 0AB(u) = 0 (1.13) 

1 H . P . D Ü R R and F . W A G N E R , N u o v o C i m e n t o 4 6 , 2 2 3 [ 1 9 6 6 ] . 
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with 
<53 (52 <5 

£ = + 3 Fö1 Ul ÖUß^ + 3 Fvi Ui U1 Öuö + FVJ F" Ui Ul • (L14) 

We can collect several expressions in (1.13) and get 

(<3OY + 3(?OA VV.ßYÖFÖIIII-£~J -F FYIU^J &AB{U) (1.15) 

= - GOA Vxßyö (-ÖUJUYÖUC + FßIFV3F*LUIULUL) ®AB(U) . 

This form is used for further investigations and allows us to solve the eigenvalue equations in the second 
NTD in a relatively simple way. 

From (1.13) we get the following system of integral equations 

<pl*+1H01...k) = G0*Vafivd[(ßydl...i)]-2(-Y+1<P(*-1) (1 - . 7 - 1 . j+l,...k)Foj (1.16) 
j 

where [(ßydl ...k)] = <p<*+3> {ßy ö 1 ... k) + J^(p^+1)(ßydl ...k) 
(i) 

+ I<PiFF1)(ßYÖ 1 ... fc) + 2 <PFFF](ß yöl...k); (1.17) 
( 2 ) ( 3 ) 

^(pF, 2 V f f f indicate sums over 99-functions with all single, double and triple contractions, i.e. 
( 1 ) ( 2 ) ( 3 ) 

2 = 3 2 ( - ) m Föi<P{k+1) (ßy...,1-1,1+1,...), (1.18a) 
(l) 1 

2 r i w 1 ) = 6 2 (-)l+i+1FöiFvj<p(k-» ( ß . . . , l - 1,1 + l , , . . , j - 1,7 + 1 , . . . ) , (1.18b) 
(2) Kj 

2^FfF) = ^ I ( - ) l + j + i F 0 i F v j F p i ( p ^ ) ( . . . , l - l , l + l , . . . , j - l , j + l , . . . , i - l , i + l , . . . ) . (1.18c) 
(3) K j < i 

The considerations are facilitated by using the following graphical representation1 

G<> " p = , 1 = " 2 ! • W = ' 
F = ' N> = 1 o 1 = - 1 o 1 , cf> ( l . .k ) = f 

12 / 2 2 7 7 OB 

(1.19) 

As vacuum 2-point function we assume the form used in earlier papers2. So we arrive at the following 
meaning of the graphs in momentum space: 

O = F ( p ) = - i h ' < _ x2 + 2 

= ±l2ViVi (1.20) 

Vi Vi = f. ( 3 + A 2 ' A 2 ' T ' T ' ) a'* V + 1 ( A l " h" + h" A 3 " ) T T' . 

§ 2. Boson Eigenvalue Equations 

The boson matrix elements <0|...|i?> fulfil the following integral equation, derived from Eq. (1.16) 
for the 2 n-<pfunctions: 

a = - 3 x i <2... 

2 H . R A M P A C H E R , H . S T U M P F , and F . W A G N E R , For tschr . Phys ik 1 3 , 385 [1965]. 



an analogous equation, where the lower leg is iterated, and 

(2.2a) 

4 6 

-3 

4 6 

(2.2b) 

b s 
4 K l -

We have explicitly wTitten down the equation, derived by iterating the fourth leg, because we shall get 
from it a different result than by iterating one of the first three legs. 

With the aid of (1.15) (2.2) can be cast into the form 

7 F J 

7 4 - 3 

£ - £ • i 4 ( s 

5 s 
+ 

a 

4 -

4 

A 

4 

4 

- a 

(2.3a) 

(2.3b) 

If we invert the operator on the left hand side without respect to questions of convergence, we get re-
spectively 

I-

m XI 

= _ ^ A 

+ 

+ 

(6) 
a 5 

+ + % 
(6) 

b ) 

(2.4a) 

(2.4b) 

where in the 9^6)'s consist of 6-point functions with at least one contraction function. By inserting we 
recognize that these expressions fulfil the Eqs. (2.2) apart from 6-point functions. 

With (2.4) we get from (2.1) new equations for 
the 2-point function, namely from (2.2a) 

Neglecting the 6-point functions we derive from 
(2.5) an equation slightly changed compared to 
(2.1) in the first N T D (the factor 3 is replaced by 2): 

(2.5) 

and from (2.2 b) 

I = d = 

(2.7a) 

. - (6) From (2.6) follows that the 2-point function vanishes 
(2.6) identically what is useless. 

where the cpf^s mean appropriately changed sums 
of 6-point functions. o . (2.7b) 



The situation here resembles that in the case of the 
twofold iteration of the fermion propagator in1 . 
There we also have four equations and by neglecting 
the symmetrically iterated ^-6-point function we 
loose all important poles. 

So we suppose that the following holds in general 
for boson calculations: If there appears in the 
equations for the 2 functions a combination of 
graphs the lower and upper parts of which corre-
spond to —Q in the fermion calculation, then this 
combination contains essential parts of Q and 
cannot be neglected. 

In addition it should be noted that we can use 
(1.15) in this simple way only in the second NTD. 
Writing down the equations for the 6-point function 
we have on the right hand side of (1.15) not only 
an 8-point function but also a 2-point function with 
three FMines. But we suppose that (1.15) facilitates 
the solution also in this case. 

The solution of (2.7) yields no new difficulties 
compared to1 . We get mass eigenvalue equations 
Tgj for baryon number B, spin S and isospin I 

T°01:q0(x,ft)=-Q/(-g-J, (2-8) 

Tl, : q0 (x, ft) + 3 qx (x, ft) = £ J. 

(cf.1 for definitions). There only appears a new 
factor on the right hand side. 

For spin 1 no physical solutions can be derived, 
because the corresponding particles have negative 
norm3 . For the deuteron, too, we cannot expect this 
approximation to give meaningful results4. In the 
case of physical spin 0 particles we derive with 
xl — 6.39 — this value stems from fermion calcu-
lations — the following mass values 

Particle S I B exp. value Eq. (2.1) Eq. (2.7) 

r\ 0 0 0 0.584 0.92 0.75 
7t 0 1 0 0.147 0.30 0.12 

§ 3. The Model of the Anharmonic Oscillator 

We compare our previous considerations with 
analogous ones in the case of the anharmonical 
oscillator. Starting from the equation of motion 

q(t)=~qHt) (3.1) 

with the commutation relation 

[q(t),q(t)] = Qoi (3.2) 

we define the time ordered products 

TAB (I • • • n) = (A | Tq(h)... q(tn) | B> (3.3) 

with the generating functional 

TAB (U) = <A\T exp [i JQ(t)u (t) dt] \ B> . (3.4) 

Here U commutes with itself and with Q. In this way we get the functional equation for TAB(U) 

ö <53 d 1 

ÖUJ + v ^ ÖUßÖUYÖN6 - 3 ^ ( 0 ) ÖUß - Qoiua\ r A B ( U ) = 0 (3.5) 

with the abbreviations rl2 
D*ß = dfa-tß) ~ + 3FaLfi{0), F^ß = <0 | Tq(ta)q{tß) \ 0> , (3.6), (3.7) 

ö3 ö3 

öuvöuydut =-Ö(tß- Q d (ty - ta) Ö (to - tc) du[h)du{h)du{t^ • (3-8) 

In order to make the analogy to the spinor theory more manifest we have added the term 3F"a^(0) to 
DXß in (3.6). Now we go over to the system of the ^-functions by the transformation 

0AB(u) = e ^ F ^ T A B ( u ) (3.9) 
and deduce the functional equation 

I S 1 

T>ocß ()uß + Vaßyö [ ]ßyö - (QQ i Ma + T)<xß Fßi ut) j &AB (U) = 0 (3.10) 
3 H . P . D Ü R R et al., N u o v o Cimento 38, 1220 [1965], 4 H . P . D Ü R R . Z. Naturforschg. 14a, 441 [1959], 



with 

[ b* = öußLvöuä - 3FWUi + *FßiFvJUiV<J - FßiFvjFdlUiujUl. (3.11) 

With the GREEN-function G^ß for (3.6) it follows after integration 

| dl0 + G ° a V * ß y ö [ ] ß y ö ~ + Wa| = 0 • ( 3 - 1 2 ) 

(3.12) can be cast into the form analogous to (1.15): 

<5oy — 3 (xQa VoLßyö Ffii ui buy ~~ F v i U i &AB{U) 

— #0a V0Lßyö ( Ö U ß ^ + Fßi Fyj Fn Ui Uj u^j + i GO G0ol Ma &AB (u). 

The po-term on the right hand side, caused by the canonical quantization, implies an important difference 
between (1.15) and (3.13). 

From (3.12) we get the system of equations for the ^-functions 
k 

cp«+1) ( 0 1 . . . k) = G 0 « V*ßyö[(ßY < 3 1 . . . *)] - 2 (* EOGoi + F0i) <pi*~» ( 1 . . . , i - 1 , i + 1 , . . . k) ( 3 . 1 4 ) 

i = 1 
with 

k 
[(ßyöl ...k)] = <pl*+V{ßyöl ...k) + 3 (YD 1 . . . , » — 1, » H- 1, . . . IFC) 

i=1 
+ 6 ^FßtFyjipW-V ( ö \ . . . , i - l , i + l , . . . j - l , j + l , . . . k ) (3.15) 

i<j 
+ 6 ZFßiFv]Föl<p(>c-3) (l...,»•_ l, i + 1, — \,j + 1 , . . . , 1-1,1+ 1 , . . . k). 

i<)<l 

Commuting the coordinates we get k equations for each cpW. We introduce the GREEN-function of (3.6) 

The contraction function F can be given in the general form 
oo 

m - ^ - i ^ - e - " - ' (3.17) 
0 

with g (co2) the spectral density function. 
Similar to the spinor case we approximate the spectral function by a single discrete average frequency 

co i, which roughly should be equal to the frequency of the lowest energy level 
o (co2) = d(co2 - OJ!2). ( 3 . 1 8 ) 

The numerical value of coi we fix by solving the system of the ^-functions (3.14) with an odd number 
of legs in the lowest approximation, which yields 

- F ( 0 ) = 2^7 = y t o i 2 ; CO! = 1 . 1 4 . (3.19) 

One obtains by numerical integration of the SCHRÖDINGER equation for the lowest energy level COI = 1.09. 
Now we introduce a graphical representation in order to make the following equations more transparent. 

We shall make use of the FouRiER-transformed equations and therefore have to insert the following 
explicit expressions: 

|—| = F(co) = il(co2 - COi2 + i S) (3.20) 
| ^ \ = G(co) = - l / ( c o 2 - 3 F ( 0 ) + i e) = (iF(co) with (3.19)) 

gives a factor (—1); the sum of all co's must vanish at each vertex 



C A L C U L A T I O N OF BOSON M A S S E S IN T H E N O N L I N E A R SPINOR T H E O R Y 

GJ4-C02/2 

CO-CJ2 /2 ( h - Cp (CO) 

There is to be integrated over all internal variables 
and multiplied by A factor 1 /2TT for every integration. 

From (3.14) we get for K = 1 

and for K = 2 by iterating the uppermost leg 

7 - 3 

— n 
i — i- I = c 

and by iterating the lowest leg 

7 - 3 
i h 

^ t 
+ 

— / ( 

I f 

(3.21) 

(3.22a) 

(3.22b) 

We solve (3.22) in the same way as (2.3) and take 
only the first term in the expansion of the right 
hand side. Then we insert the result for the 4-point 
function into (3.21) and obtain respectively 

1 = 0 = 2 X I A ] 
(3.23a) 

- / , . ( * Ä i + x a ) 

1 = 0 = - 3 X I • < 3 - 2 3 b ) 

Let us now compare the two first approximations 
of the anharmonical oscillator and the nonlinear 
spinor theory : unfortunately the OQ- and the -F(O)-
terms distroy the complete analogy. With respect 
to (3.21) and (2.1) we have no difference in the 
structure of these equations. However, in (2.7) and 
(3.23) we see the influence of the quantization 
procedure. We note that the oo-term forms the 
characteristic term just in the symmetrically iter-
ated equation and by suppressing it we do not only 

change more or less (such as in (3.23a)) the numeri-
cal value of the right hand side in (3.23b), but we 
destroy even the structure of this equation. 

In the nonlinear spinor theory (cf. (2.6)) only the 
6-point function is responsible for the structure of 
the equation in the case of the symmetric iteration 
and forms the characteristic term. In the further 
steps of NTD we have also expressions which stem 
of GoaLVaLßVdFßiFyJF0iniuiui0AB{v>) in (1.15). 
Therefore the structure of the right hand side of 
the equations for the 2w-point-9?-function is not 
determined only by the ^-function with 2n + 2 legs 
(n ^ 3). 

Finally we give the result for the calculation of 
(3.21) and (3.23). With our approximation (3.18) 
for F and with 00 = 1 we obtain in all cases the 
same result 

1 = 0 = J X ] (3-24) 

This yields « 2 = 2.79, whereas the value calculated 
in the frame work of the SCHRÖDINGER theory is 
co 2 = 2.54. 


